Abstract A class of hybrid photonic-plasmonic structures (HPPS) with vertical cylindrical cavities is proposed and its performance in providing a coherent light from spontaneous emission is investigated. It is shown that the proposed easy-tofabricate and robust anodic aluminum oxide structure dramatically enhances the temporal and spatial coherence compared to the previously examined HPPS. The physical mechanism of achieving the temporal and spatial coherence is explained based on the special optical properties of the proposed HPPS and it is discussed how this structure enables one adjusting hybrid photonic-plasmonic optical modes to obtain coherence for emitters of different frequencies. The thorough study of the phenomenon is merely possible using a numerical method that can capture the statistical nature of a large number of fluorophores. This is in contrast to the deterministic approach that was conventionally adopted for time-domain methods. Therefore, in this paper, a numerical method is proposed, in which an innovative semi-classical probabilistic algorithm is implemented within the framework of a time-domain method.
Introduction
Fluorescence is a vastly used optical method for chemical and biological detection [1, 2] ; however, its performance and efficiency shall be enhanced especially in sensing and imaging applications [3] [4] [5] [6] . Plasmonics appears to be the best method for tailoring and enhancing the fluorescence emission [7] . It is known that light can be confined in close vicinity of metallic surfaces or nano-particles due to the coupling between electromagnetic (EM) waves and oscillations of electrical charges at the surface. The idea is to employ This interaction, which is referred to as surface plasmon resonance (SPR) in a way that a large enhancement in the optical density of states can be obtained in the neighborhood of fluorophores. This will be an effective means for elevating the excitation rate and raising the quantum yield as well as controlling the angular distribution of the fluorescence emission [8] [9] [10] [11] [12] .
Although the presence of fluorophore in the vicinity of metallic structures leads to the above mentioned appealing features, this adjacency may also increase the probability of quenching and non-radiative energy loss for the excited fluorophore [13] [14] [15] [16] . This inadequacy can be resolved by means of a hybrid photonic-plasmonic structure (HPPS), that is created by attaching a photonic crystal (PC) to the metal surface (plasmonic structure). In other words, coupling between the surface plasmon polaritons (SPPs), i.e. the EM waves which are confined along the metal-dielectric interface, and the guided or trapped modes of the photonic crystal leads to the striking features of increasing the propagation length of SPPs, confining light in a deep subwavelength scale, and highly guided modes and cavity resonances in the PC structure [17] [18] [19] [20] . Moreover, by using an HPPS, the effective length of the evanescent normal component of SPPs can extend to tens of nanometers above the metal surface, therefore, the enhancement and directionality are obtained without any significant quenching [21] [22] [23] .
On the other hand, due to the weak correlation between the spontaneous emissions of fluorophores, the resulted light is isotropic in space and broad in spectrum, which in turn lower the detectability. Therefore, it is potentially advantageous to utilize a technique to create a coherent light from such spontaneous emitters. It must be noted that a desirable technique shall also prevent any significant loss in the emission intensity [24] [25] [26] . In order to address these requirements, Shi and his coworkers [27, 28] have proposed using a HPPS whose optical attributions was previously investigated by the group [29] . It is shown that the interaction between the leaky modes (that can scape from propagating along the metal-dielectric interface) of HPPS and the fluorescent molecules successfully provides both the temporal and spatial coherence for the fluorescent emission. Such a technique can play an important role in different fluorescence applications. However, further investigations are needed to obtain a more efficient structure with an inherent capability to be adjusted for different spontaneous emitters. This is the aim of the present work.
Among different options for the photonic-crystal part of an HPPS, anodic aluminum oxide (AAO) presents a special feature; the vertical cylindrical cavities in the structure facilitates one's control over the direction of the propagation of the leaky modes. This provides the directionality of the emitted light and therefore can enhance the spatial coherence. Moreover, the frequency of the leaky modes can be adjusted by adapting the geometry of the cavities. In the literature, the capability of AAO in enhancing the intensity of fluorescent emission has also been addressed [30] . Nevertheless, AAO has not yet been used in forming an HPPS. In this work, a robust and easy to fabricate HPPS using the AAO structure is proposed that substantially enhances the coherence, while brings the required flexibility to be adjusted for spontaneous emitters with different excitation/emission frequencies.
Conducting the present study requires investigating the fluorescence emission near plasmonic nano-structures, which is still an open area for researches [3] . Considering the practical limitations of the delicate experimental setups, a rather low-cost numerical method can be effectively employed to provide guidelines for experiments [31, 32] while it also advances our fundamental understanding of physical phenomena [33] [34] [35] [36] . The conventional implementation of fluorescence in numerical methods is based on representing the molecular dipole moment of fluorophores by using a damped driven harmonic oscillator differential equation [37] [38] [39] . Nonetheless, this technique is incapable of making any distinction between the excitation and emission frequency of the molecules. More importantly, using a single deterministic equation in the numerical simulations, it is impossible to attribute statistical characteristics, e.g. coherence, to an ensemble of fluorophores. In this work, a novel algorithm is proposed to resolve this issue by introducing the probabilistic nature of the molecular transitions into the numerical method. This algorithm is implemented within the framework of finite-difference time-domain (FDTD) method [40] and validated against previously reported experimental results.
In the following, the proposed algorithm is briefly described, then, the validation test-case is modeled and results are compared with literature. The rest of this paper is dedicated to the introduction and analysis of the proposed HPPS.
Numerical modelling
Energy bands of a single fluorescent molecule can be modeled as a three (energy) level system, for which absorption and both radiative and non-radiative transitions occur [41, 42] (Fig. 1) . These levels are identified using three occupation numbers n 0 , n 1 , and n 2 , where only one of them is 1, while the other two are 0. This is because at any instance of time, only one of the energy levels can be occupied by the molecule. The probabilities associated with possible transitions between these levels are estimated as described in the following. Absorption: For the electric dipole moment of a fluorophore p with maximum absorption frequency ω a , a forced harmonic oscillator differential equation is considered as
where e and m e are the charge and mass of electron, respectively. In this equation, E(t) is the electric field imposed at the position of molecule. The resonance of p leads to the absorption of energy from EM field via the AmpereMaxwell's relation εĖ = ∇ × H −ṗ. The transition from level 0 to 2 becomes more probable as the energy of dipole, E · p, gets closer to the energy difference between these levels. Therefore, the corresponding probability is estimated as
where σ a corresponds to the excitation bandwidth of fluorophore. It must be noted that since in the present work, the (non-)radiative decays have also been taken into the account, there is no need to explicitly introduce a damping term to Eq. (1) 
Here, τ i jnr represents the time-constant for a non-radiative decay between levels i and j. The asymptotic behavior of these functions guaranties a definite decay at an infinitely long time.
Radiative transition: Radiative transition is only considered as a decay from level 1 to level 0, for which the corresponding probability is estimated as
where τ 10r is the time constant of the radiative decay. Once the transition occurs, a wave packet with the central frequency equal to emission frequency of the fluorophore ω e is emitted from a point source at the position of the molecule. The normalization factors A, B, C, D are calculated based on two physical concepts; it is impossible for a molecule to permanently stay at an excited state (A + B = 1 and C + D = 1) and the probability ratio of the transitions is inversely related to the corresponding decay times, which give
In the following, the implementation of these probability functions within the framework of the developed finitedifference time-domain (FDTD) method is briefly described. It is worth noting that in this work, FDTD is utilized to simulate the propagation of EM fields in successive time-steps, while the case would be almost the same for other numerical schemes, e.g. the finite-element time-domain method.
In each time-step, the state is checked for all the molecules according to these criteria:
-For a molecule in the ground state (n 0 = 1), it is only possible to transit into the second excited state (0 absorb → 2) by absorbing an enough amount of energy. Computationally, this occurs if the randomly generated number r is less than (or equal to) the corresponding probability P 02 (t) (equation 2). If the the transition does not occur, the dipole moment of the molecule is updated via the differential equation 1.
-For a molecule in the second excited state, the nonradiative decay is possible to either the first state (2 nr → 1) or the ground state (2 nr → 0). If random number r is less than (or equal to) P 21nr (t) transition 2 nr → 1 occurs, and on the other hand, the molecule experiences 2
-For a molecule in the first excited state, both the radiative and non-radiative decays to the ground state are possible. Transition 1 nr → 0 occurs if r ≤ P 10nr , and if P 10nr < r ≤ (P 10nr + P 10r ), The radiative transition of 1 r → 0 takes place.
Once a transition occurs, the occupation numbers n 0 , n 1 , and n 2 are correspondingly reset, e.g., 0 absorb → 2 is associated with resetting numbers as n 0 = 0 and n 2 = 1. At the onset of transitions 2 absorb → 0 and 1 absorb → 0, p and the first time derivative of p are also set to zero. In addition, wave packets with the central frequency equal to emission frequency of the fluorophore ω e are emitted from point sources at the position of the molecules for which the radiative transition occurs. During emission, the re-excitation of the corresponding molecule is prevented by setting its emission flag to 1 and the state of the molecule is not checked. Emission continues until the emitted wave packet vanishes. At this moment, the emission flag is off and the molecule is at its ground state. The flowchart illustrated in Fig. 2 , presents the implemented algorithm in more details.
In this work, an FDTD package has been developed using C++ language. Convolutional perfectly matched layer (CPML) [43, 44] boundary condition is used for reducing the reflection from exterior boundaries of the simulation domain while the total-field/scattered-field technique and the DrudeLorentz model are implemented to handle the incident field and dispersive materials, respectively [40] . Here, the number of fluorophores associated with each grid cell is proportional to the density of the fluorescent material at the same point within the FDTD discretized domain. Therefore, it will be possible to have various fluorescent densities at different locations of the structure.
Validation
For the sake of validation, the present method is applied to a photonic crystal (PC) constructed by triangular arrangement of polystyrene spheres of 500 nm diameter, which is placed on a 200 nm thick silver slab to form an HPPS (Fig.3) . The capability of this structure in producing a coherent light from fluorescent spontaneous emissions was previously reported by Shi et al. [28] . To the best of authors' knowledge, this is one of the most prominent publication addressing the coherence of fluorescence emission. In this case, the fluorescent material, fluorophore-doped polyvinil alchohol (PVA), forms a 50 nm thick layer on top of the HPPS and also fills the vacancy between spheres. In order to keep the numerical test-case substantially similar to the reported experimental setup, all parameters of the fluorophores, e.g. decay time constants, emission frequency, and excitation frequency, are set according to the physical attributes of Sulforhodamine 101 (S101).
In order to estimate the degree of temporal coherence, two different approaches has been employed; in one approach, the temporal coherence function (TCF) is utilized, which is the auto correlation of the signal,
where angle brackets and superscript * denote the time averaging and complex conjugate, respectively [45] . Here, u(t) is the electric field. The degree of coherence is conclusively determined as γ(τ) = Γ(τ)/Γ(0) and thus, the coherence time is
Using this approach for the present test-case, the coherence time is τ c = 1.14 × 10 −13 sec, this is approximately equivalent to the wavelength bandwidth of |∆λ | = 6.9 nm. In the other approach, the desirable wavelength spectrum is for each fluorophore: In each time step, if the emission flag of a fluorophore (e.g. the ith one) is on, the emission continues. If the flag is off, the state of the molecule should be checked. In case the molecule is at its ground state, the absorption probability P 02i (t) is compared to a randomly generated number, r i , and consequently, either the transition to level 2 takes place or the dipole moment of the fluorophore is updated. In other cases (i.e. the molecule is in level 1 or 2) the same procedure is followed with the respective probability functions.
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Incident wave Detected emission Figure 3 Schematic of the structure that is used for validation testcase of the proposed numerical method, which was previously experimentally studied by Shi et al. [28] .
obtained using the Fourier transform of the time-varying electric field. For the present test-case, this spectrum is shown in Fig.4 . By fitting a Gaussian function into the figure, the emission bandwidth of the peak is calculated to be approximately |∆λ | = 7.1 nm. It must be noted that in the present work, a perfectly ordered structure is modeled while any experimental test is subject to fabrication defects. These structural defects lead to a wider bandwidth and therefore, a lower temporal coherence can be detected for the experimental setup. This is due to the fact that any defect/disorder perturbs the Hamiltonian of the structure, which in turn broadens the band of energy [46] . Considering this issue, there is a good agreement between the result obtained using the proposed numerical method and that reported in the literature [28] .
On the other hand, the most reliable and extremely practical approach to the estimation of spatial coherence is the Young double slits technique [47] for which, the interfer- Intensity (a.u) Figure 4 Wavelength spectrum of reflection obtained using the proposed numerical method for the structure previously studied by Shi et al. [28] . The pick corresponds to the unabsorbed portion of the excitation wave is observed at λ = 532 nm and the emission pick occurs at λ = 594 nm. 
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Young double-slits fringe visibility as a function of the separation distance of the double-slits calculated using the proposed numerical method for the structure previously studied by Shi et al. [28] ence fringe visibility is analytically calculated as a function of the separation distance between slits as [45] 
In this equation,
is the mutual coherence function between electric fields u i (t) and u j (t) detected at two distinct points i and j placed on a plane perpendicular to the direction of detection, which represent the positions of the slits. For the present test-case, the fringe visibility is plotted in Fig. 5 . It is evident that visibility significantly decreases as the slits separation distance increases beyond 4 µm and practically, no interference pattern can be observed for a separation distance of larger than 8µm. This is in close agreement with the result reported in the reference [28] . Nevertheless, it is noteworthy that using numerical simulation, it can be observed (Fig.5) how the fringe visibility varies for a wide range of separation distances. The above statements apparently confirm the validity of results obtained by the proposed numerical method and clearly shows its excellent performance on simulating the interaction between EM field and fluorescence. Anyhow, this numerical method facilitates studying the statistical characteristics of an ensemble of fluorophores, which is essential for advancements in the field of fluorescence coherence.
Hybrid Anodic Aluminum Oxide Structure
Here, the proposed method is applied to a novel HPPS that is constructed by placing an inverse photonic crystal, made by pore-opened [48] anodic aluminum oxide (AAO), on top of a 200 nm thick silver (Ag) layer (Fig.6) . The cylindrical holes of PC are filled with S101-doped PVA, which also forms a layer of 50 nm thickness on top of the AAO. The structural parameters, i.e., thickness of AAO layer h = 500 nm, diameter of cylindrical holes d = 200 nm, and the center-tocenter distance the neighboring cylinders a = 250 nm, have been set in a way that not only the structure can be easily fabricated, but also, it significantly enhances the coherence as seen in the rest of this paper.
Similar to the previous test-case, the proposed HPPS experiences an incident continuous EM wave with a wavelength of 575 nm from its side that is perpendicular to the y-axis (Fig. 6 ) and the resulting vertical emission (along z-axis) is recorded. In this way, the detected wave would not be masked by the incident wave. Moreover, this is a wise choice of the excitation and detection, which is appropriate for imaging and LED applications. In Fig. 7 , the recorded field is shown in frequency domain. The graph hits its peak at λ = 616 nm with a bandwidth of |∆λ | = 3 nm. On the other hand, using TCF (equation 7), a coherence time of τ c = 2.1 × 10 −13 sec or equivalently |∆λ | = 4 nm is calculated. It is observed that the presence of the proposed HPPS leads to an almost eight times greater coherence length for the fluorescence emission.
In order to identify the underlying cause of the emergence of such a narrow emission bandwidth, all modes propagated horizontally (along the xz plane) in PC of the proposed HPPS are also calculated and shown in Fig. 8 . It is known that there is no possibility for p-polarized modes to be vertically propagated since the associated electric field is aligned with z-axis. On the other hand the electrical field is directed horizontally for s-polarized modes and thus, for each wavelength that the horizontal propagation is prevented by HPPS, a vertical reflection is possible. Therefore, considering that the excitation input wave is aligned with y-axis, one should focus on the y-directed s-polarized propagation graph in Fig. 8 , which reveals a trough at λ = 616 nm. In this sense, the portion of the emission band of S101 molecules that coincides with this trough is expected to reflect vertically while the rest propagates along the metal surface.
Since for S101 molecules, the excitation band overlaps partially with the emission band, the horizontally propagated modes can excite the neighboring fluorophores. This synchronizes the transitions of the molecules and therefore, a spatial coherence is also expected. The visibilities obtained as results of the double-slits tests are shown in Fig. 9 , which clearly shows a spatial coherence width of greater than 10 µm. Anyway, this coherence width is proportional to the propagation length of the horizontally propagated modes, which is determined by the imaginary part of the corresponding wave-vectors. It can state that in the near-field, the plasmonic modes are responsible for coherence while the s-polarized modes are capable to transfer this coherence to the far-field. It must also be noted that the conversion between the s-and p-polarized modes is possible due to the random orientation of the dipole moment of the molecules and internal reflections inside cavities. It is worth noting that the wider the spectral range of the horizontally propagated modes, the larger the portion of energy absorbed by structure. This is the case for the proposed HPPS as seen in Fig. 8 , where only a small portion of modes (corresponding to the troughs) is prevented from being horizontally propagated, and thus, a large portion of the incident energy is responsible for exciting the fluorophores (see Fig. 7 ). This is also among desirable features of the proposed HPPS compared to the previously proposed structures.
As mentioned earlier, one of the most important features of the proposed structure is associated with its adaptable geometry, which can be adjusted in a way that fluorescence coherence is achieved for a different spontaneous emitter; by slightly changing the diameter and center-to-center distance of the cavities, the peaks and troughs of the reflection graphs are shifted. Once the emission frequency coincides with a new trough, coherence is achieved for the emitter of interest based on the above discussions. 
Conclusion
In this paper, the idea of obtaining coherent light from fluorescence emission using an HPPS is extended by utilizing the AAO structure as the photonic-crystal part of the HPPS. Comparing to the colloidal structure, the proposed HPPS benefits from a more robust structure and can more easily be fabricated with a lower cost, while resulted in significantly enhanced temporal and spatial coherence. The cylindrical cavities lead to a narrow emission spectrum (approximately 4 nm) and therefore, the temporal coherence is improved. Moreover, the synchronized emission of the molecules, which is caused by plasmonic modes and directed along the vertically aligned cavities leads to an enhanced spatial coherence (with the width of larger than 10 µm). The present study became possible using the proposed numerical algorithm implemented within the framework of the finite-difference time-domain method that can successfully handle the probabilistic nature of molecular transitions. An interesting but still open topic is the phase transition from incoherence to coherence, which necessarily requires to study a wide range of parameters. Numerical simulation can provide an efficient means for such a study by considerably alleviating the costs associated with experiments. Anyhow, to the best of authors' knowledge, the proposed numerical algorithm is the only one capable of handling this class of simulations.
